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Studying stellar oscillations with 2D complete models...

Why Bother ? !
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Equations of stellar structure

Hydrodynamics equations, no viscous force, no tidal force, no magnetic field,
Newtonian gravitation

Mass Conservation :

Dρ

Dt
+ ρ∇·−→v = ∂ρ

∂t
+ ∇· (ρ−→v ) = 0

Momentum Conservation :

D−→v
Dt

= ∂−→v
∂t

+ −→v ·∇−→v = −∇Φ− ∇P

ρ

Poisson Equation for the gravitational potential :

∇2Φ = 4πGρ

Energy Conservation :

T
Ds

Dt
= Du

Dt
+ P

DV

Dt
= ε − ∇·−→F

ρ

as well as energy transport equation which allows to determine
−→
F .
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Oscillation equations

τosc ≈ τd yn ¿ τnuc
→ Perturbation around a stationnary, axis-symmetric equilibrium state

τosc ≈ τd yn ¿ τK H
→ Adiabatic perturbation in most of the stellar interior

Continuity equation

ρ′ +~∇· (ρ0~ξ) = 0

Momentum equation[(
∂

∂t
+Ω ∂

∂ϕ

)
v ′

i

]
ei +2Ω×v′+ (

v′.∇Ω)
r sinθeϕ =− 1

ρ0
∇p ′−∇Φ′+ ρ′

ρ2
0

∇p0

Adiabatic relation(
∂

∂t
+ v0 ·∇

) (
ρ′
ρ0

− p ′
Γ1p0

)
+ ∂ξ

∂t
.

(∇ρ0

ρ0
− ∇p0

Γ1p0

)
= 0

Poisson Equation

∇2Φ′ = 4πGρ′
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Coordinate system

Evolved stellar models ⇒ Abrupt variations occuring on isobars

Inspired from Bonazzola et al. (1998),
Reese et al. (2006)

Multi-domain method
? θ,ϕ → spherical system
? new radial coordinate : ζ

V0 : from a spherical ζ → ζ constant on isobars

V1 : ζ constant on isobars

V2 : from ζ constant on isobars → spherical ζ

2 M¯, Xc = 0.35, Ω = 80%Ωk

⇒ Benefit : simplifies greatly boundary conditions
+ Avoids dirty radial derivatives (at convective-radiative transitions)
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Expansion in series of spherical harmonics

? Spheroïdal vector basis (~aζ,~aθ ,~eϕ) where :
~v ′ = v ′

ζ
~aζ + ṽ ′

θ
~aθ + v ′

ϕ~eϕ

? v ′
ζ
and the scalar perturbations expended as series :

v ′
ζ =

+∞∑
`2≥|m|

u′
`2

(ζ)Y`2,m (θ,ϕ)

for the velocity vector horizontal components :

ṽ ′
θ

(ζ,θ,ϕ) = i
+∞∑

`2≥|m|

 v ′
`2

(ζ)︸ ︷︷ ︸
poloidal

∂Y`2,m (θ,ϕ)

∂θ
+ w ′

`2
(ζ)︸ ︷︷ ︸

toroidal

m

sinθ
Y`2,m (θ,ϕ)



v ′
ϕ(ζ,θ,ϕ) = −

+∞∑
`2≥|m|

(
v ′
`2

(ζ)
m

sinθ
Y`2 ,m (θ,ϕ) + w ′

`2
(ζ)

∂Y`2 ,m (θ,ϕ)

∂θ

)

Problem unknowns → components u′
`2
, v ′

`2
, w ′

`2
, and P ′

`2
, ρ′

`2
, Φ′

`2
, ∂ζΦ′

`2
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Expansion in series of spherical harmonics

→ The equation system is projected on the eigenspace relative to Y`1,m :

∀`1 ≥| m |,
+∞∑

`2≥|m|

∫
sinθdθdϕ

4π
E`2 (ζ,θ)Ym

`2
Ym∗
`1

= 0

Given the equatorial symmetry of the model of structure, and the properties of Y`,m

⇒ Selection rules : Only the Y m
`

of same parity are selected in the expansion
e.g. : for an even mode with m = 1 → `= 1,3,5,7, · · ·
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Expansion in series of spherical harmonics

→ The equation system is projected on the eigenspace relative to Y`1,m :

∀`1 ≥| m |,
+∞∑

`2≥|m|

∫
sinθdθdϕ

4π
E`2 (ζ,θ)Ym

`2
Ym∗
`1

= 0

Given the equatorial symmetry of the model of structure, and the properties of Y`,m

⇒ Selection rules : Only the Y m
`

of same parity are selected in the expansion
e.g. : for an even mode with m = 1 → `= 1,3,5,7, · · ·

⇒ the system is reduced to 4 ODEs with P ′, Φ′, ∂ζΦ′, and u′
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Boundary value problem

? At the center : ζ= 0
We impose a regularity condition :

For scalar unknowns : Φ′
`
=O

(
ζ`

)
For the velocity components :

∀` 6= 0 u′
`
=O

(
ζ`−1

)
,v ′
`
=O

(
ζ`−1

)
and w ′

`p
=O

(
ζ`p

)
for `= 0 : u′

0 =O (ζ) and v ′
0 = 0

? At the surface : ζ= 1
Stress-free condition : δP = 0

? On the outer surface (domain V2) : ζ= 2
The gravitational potential goes toward 0 at infinity :

dΦ′
`
=−(`+1)

∂ζr
r Φ′

`
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Finite differences for radial resolution

The problem can be put under the form :

∀ζ dy

dζ
= Ã y

y : containing the spectral components of the 4 unknowns

Radial Discretization à la Scuflaire et al. (2008)

yi +
h

2

dy

dζ

)
i
+ h2

12

d2 y

dζ2

)
i

= yi+1 −
h

2

dy

dζ

)
i+1

+ h2

12

d2 y

dζ2

)
i+1

+o
(
h5

)
[

Id + h

2
Ãi + h2

12

(
Ã2

i + dÃ

dζ

∣∣∣∣
i

)]
yi =[

Id − h

2
Ãi+1 + h2

12

(
Ã2

i+1 + dÃ

dζ

∣∣∣∣
i+1

)]
yi+1 + o

(
h5)

⇒ Benefits
precise : to the 5th order in terms of the radial resolution

stable : discretization over 2 successive layers only

→ Point of attention

requires to differentiate radially the model of structure
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Buidling up the matrices
Trial value σ0, seeking δσ with σ=σ0 +δσ

Y =


y1
y2
...

yN

 (layers 1, · · · N) A Y = δσAδσY

Eigenvalue problem resolution, and iteration σ0 =σ0 +δσ until convergence
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Buidling up the matrices
Trial value σ0, seeking δσ with σ=σ0 +δσ

Y =


y1
y2
...

yN

 (layers 1, · · · N) A Y = δσAδσY

e.g. : when 26 spherical harmonics are used for the expansion, 2000 points in
radius → 4.6×107 non null terms, for 5.5×1010 elements

Eigenvalue problem resolution, and iteration σ0 =σ0 +δσ until convergence
→ Generalized inverse iteration method (Dupret et al. 2001)
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Results
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Pulsations of a rapidly rotating intermediate-mass star

Pulsational study of self-consistently distorted non-homogeneous stellar models
(Roxburgh et al. 2008)

An example : 2M¯, Xc = 0.35, Ω(r ) (non barotropic) with starox-2D
Flatness : 1−Rpol/Req ' 0.25 ; Veq,s = 282.3km.s−1, Ωs,eq

√
R3

eq /GM = 0.80.
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Pulsations of a rapidly rotating intermediate-mass star

Pulsational study of self-consistently distorted non-homogeneous stellar models
(Roxburgh et al. 2008)

An example : 2M¯, Xc = 0.35, Ω(r ) (non barotropic) with starox-2D
Flatness : 1−Rpol/Req ' 0.25 ; Veq,s = 282.3km.s−1, Ωs,eq

√
R3

eq /GM = 0.80.

ñ

ℓ̃
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Pulsations of a rapidly rotating intermediate-mass star

Pulsational study of self-consistently distorted non-homogeneous stellar models
(Roxburgh et al. 2008)

An example : 2M¯, Xc = 0.35, Ω(r ) (non barotropic) with starox-2D
Flatness : 1−Rpol/Req ' 0.25 ; Veq,s = 282.3km.s−1, Ωs,eq

√
R3

eq /GM = 0.80.

ñ

ℓ̃

⇒ Towards interpretation of δScuti stars prolific seismic spectra
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Near degeneracies in rotationally splitted mixed modes

`= 2 rotationaly splitted modes in avoided crossing (Deheuvels+ 2017)
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Near degeneracies in rotationally splitted mixed modes

`= 2 rotationaly splitted modes in avoided crossing (Deheuvels+ 2017)

Perturbative approach :

(L0 +L1)ξ − ω2ξ = 0, where

L0ξ = ∇P ′
ρ0

− g ′ − ρ′
ρ0

g0, and

L1ξ = 2ω(mΩ− iΩ×)ξ

Then ω1 = 1

2ω0
<L1ξ0|ξ0 >, hence

ω1 = m
∫ R

0
K (r )Ω(r )dr
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Near degeneracies in rotationally splitted mixed modes

`= 2 rotationaly splitted modes in avoided crossing (Deheuvels+ 2017)

Perturbative approach :

(L0 +L1)ξ − ω2ξ = 0, where

L0ξ = ∇P ′
ρ0

− g ′ − ρ′
ρ0

g0, and

L1ξ = 2ω(mΩ− iΩ×)ξ

Then ω1 = 1

2ω0
<L1ξ0|ξ0 >, hence

ω1 = m
∫ R

0
K (r )Ω(r )dr

Modes of different azimutal order m avoid crossing at different evolutionnary times.

⇒ Only a method which solves the ξm eigenmodes individually can capture this.
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Pure inertial modes in γ Doradus stars

Saio et al. 2018
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Pure inertial modes in γ Doradus stars

Saio et al. 2018

For uniformly rotating models:

• Complete non-perturbative calculations ACOR, Ouazzani et al. 2012, 2015

• TAR implemented in the LOSC code Scuflaire et al. 2008

• TAR asymptotic Townsend 2003b Pco = P0(n+ε)/
√
λk,m(s)
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Pure inertial modes in γ Doradus stars

→ Hypothesis of strong stratification of the TAR (Ω¿ N) not valid ?
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Pure inertial modes in γ Doradus stars

→ Hypothesis of strong stratification of the TAR (Ω¿ N) not valid ?

Could there be coupling with pure inertial modes ?

• modes which restoring force is the Coriolis force only,
• and which can propagate in regions where buoyancy is zero (ie convective).
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Pure inertial modes in γ Doradus stars

→ Signature of the resonances between pure inertial modes and
gravity modes Ouazzani et al. 2020
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Compatibility with evolution codes

The acor code can interface with...

? cestam (Lebreton & Morel 2008, Marques et al. 2013)
→ In particular with cestam−2D : (Manchon et al. in prep)
same coordinate system (Ouazzani+ 2015) ⇒ no extra-differentiation

? cles (Code Liégeois d’Évolution Stellaire)
1D evolution code, particularly well designed to follow evolution of convective
cores in intermediate-to-massive stars.
→ In particular it uses double mesh points at the convective-radiative interface.
In absence of mixing, chemical discontinuity for cores that are growing on the MS.
To avoid impact on the period spacing of g-modes
→ double mesh point, treated in acor with a matching condition (Ouazzani+ 2017).

? starox-2D (Roxburgh et al. 2008) same as cestam−2D

Also takes : *.fgong, and *.amdl.
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Additional material
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Performances : spectral resolution

? Convergence as a function of the number of Y m
`

used for the spectral expansion

δσ

σ

)
CoRoT

∼ 10−4 − 10−3

Polytropic models
2 000 points in radius

? Convergence in terms of radial resolution : → δσ/σ∼ 10−6
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Generalized inverse iteration method

Théorème :
pour le problème aux valeurs propres généralisé A Y = δσAδσY,
A et Aδσ matrices carrées de dimension N telles que :

Ï A est inversible

Ï A−1Aδσ est diagonalisable

Alors pour tout vecteur propre initial Y0 et pour tout scalaire δσ0,

Yk+1 = (A − δσ0 Aδσ)−1 AδσYk

converge géométriquement vers le vecteur propre du système dont la valeur
propre est la plus proche de δσ0.

valeur propre donnée par : δσ = Y∗A ∗
δσ

A Y
Y∗A ∗

δσ
Aδσ Y
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